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1. Introduction 



Abstract. Multidimensional cosmological models in the presence of a bare 
cosmological constant and a perfect fluid are investigated under dimensional 
reduction to Do = 4 - dimensional effective models. Stable compactification of the 
internal spaces is achieved for a special class of perfect fluids. The external space 
behaves in accordance with the standard Friedmann model. Necessary restrictions 
r ' on the parameters of the models are found to ensure dynamical behaviour of the 

external (our) universe in agreement with observations. 
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The large scale dynamics of the observable part of our present time universe is well 
described by the Friedmann model with 4-dimensional Friedmann-Robertson- Walker 
(FRW) metric. However, it is possible that space-time at short (Planck) distances 
might have a dimensionality of more than four and possess a rather complex topology 
|Q. String theory ^| and its recent generalizations — p-brane, M- and F-theory H [| 
widely use this concept and give it a new foundation. From this viewpoint, it is natural 
to generalize the Friedmann model to multidimensional cosmological models (MCM) 
with topology || 

M = lx M Q x Mi x ... x M n , (1.1) 

where for simplicity the Mi (i = 0, . . . ,n) can be assumed to be di — dimensional 
Einstein spaces. Mq usually denotes the do — 3 - dimensional external space. One of 
the main problems in MCM consists in the dynamical process leading from a stage with 
all dimensions developing on the same scale to the actual stage of the universe, where 
we have only four external dimensions and all internal spaces have to be compactified 
and contracted to sufficiently small scales, so that they are aparently unobservable. 
To make the internal dimensions unobservable at actual stage of the universe we have 
to demand their contraction to scales near to the Planck length Lpi ~ 10~ 33 cto. 
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Obviously, such a compactification should be stable. Recently || , we found a class 
of MCM possessing stable compactification of extra dimensions. 

From the other hand, any realistic MCM should provide a dynamical behaviour 
of the external space-time in accordance with the observable universe. The phe- 
nomenological approach with a pefrect fluid as a matter source is widely used in 
usual 4-dimensional cosmology. According to the present day observations dynamical 
behaviour of the universe after inflation is well described by the standard Friedmann 
model in the presence of a perfect fluid . Thus it might be worth-while to generalize 
this approach to the description of the postinflationary stage in multidimensional 
cosmological models. It is desirable to get models where, from one side, the internal 
spaces are stably compactified near Planck scales and, from the other side, the external 
universe behaves in accordance with the standard Friedmann model. 

Here we present a toy MCM which shows a principal possibility to reach this goal. 
This model is out of the scope of MCM with stable compactification found in || . The 
main difference consists in an additional time-dependent term in the effective potential 
that provides the needed dynamical behaviour of the external space-time. This term 
is induced by a special type of fine-tuning of the parameters of a multicomponent 
perfect fluid. Although such a fine-tuning is a strong restriction on the matter content 
of the model, many important cases of physically interest are described by this class of 
perfect fluid. We note that a similar class of perfect fluids was considered in || , where 
MCMs were integrated in the case of an absent cosmological constant and Ricci-flat 
internal spaces. As result particular solutions with static internal spaces had been 
obtained. According to Sec. 4 of the present paper these solutions are not stable and 
a bare cosmological constant and internal spaces with non-vanishing curvature are 
necessary conditions for their stabilization. In the present paper we show that with 
the help of suitably chosen parameters the model can be further improved to solve two 
problems simultaneously. First, the internal spaces undergo stable compactification. 
Second, the external space behaves in accordance with the standard Friedmann model. 

The paper is organized as follows. In Section 2, the general description of the 
considered model is given. In Section 3, the effective potential is obtained under 
dimensional reduction to a Do-dimensional (usually Do = 4) effective theory in the 
Einstein frame. The problem of stable compactification is investigated in Section 4 for 
a toy model with suitably chosen parameters. Here, it is shown that the external 
universe behaves as the standard Friedmann model. Conclusions and references 
complete the paper. 



2. General description of the model 



We consider a multidimensional cosmological model on a manifold (1.1) in the presence 
of a perfect fluid and a bare cosmological constant A. The metric of the model is 
parametrized as 



9 = Qmn 



dX M ® dX N = - exp [2 7 (r)]dr ® dr + ^ exp [2/3 4 (r)] 



Manifolds M; with the metrics ga\ are Einstein spaces of dimension d i} i.e. 



and 



R 



f \ M r, -, -, <y-i 



m, n 



■ , di 



7« 



— X l di = Ri. 



(2.1) 

(2.2) 
(2.3) 
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In the case of constant curvature spaces parameters X 1 are normalized as A 1 = k t (d, — 1 ) 
with ki — ±1,0. The scalar curvature corresponding to the metric (|2.1|) reads 



R = J2 R * ex P (- 2 / 31 ) + ex P (- 2 7) J2 d i 



i=0 



i=0 



2 

2/3 1 - 2 7 /f + (>) • /'^ ( / r i' 



(2.4) 



Matter fields we take into account in a phenomcnological way as a m— component 
perfect fluid with energy-momentum tensor 



rpM _ \ " rp(a) M 



rW? = diag 



V 



\ 



pW(r), P™(t), P w (r), . . . , PW( T ), . . . , PW(t) 



,(o) 



(a) I 



:>(«)/ 



do times 



cL times 



(2.5) 



(2.6) 



/ 



and equations of state 



P, 



t (a) = (a\ a) -l) P {a \ i = 0,...,n, a = l,...,m. (2.7) 

It is easy to see that physical values of a[ a ^ according to — p^ < Pj- a ' < p^ run 
the region < ctf^ 1 < 2. The conservation equations we impose on each component 
separately 

T (a) N, M = 0. (2.8) 
Denoting by an overdot differentiation with respect to time r, these equations read 
for the tensors (2.6) 



p^+Y^d^U^+p^) = o 



and have according to 



the simple integrals 



p W(r)=AWn^ , 



(2.9) 



(2.10) 



i=0 



where 



are scale factors of Mi and are constants of integration. It is 
not difficult to verify that the Einstein equations with the energy-momentum tensor 
( |2.5[ )-( pTl"c| ) are equivalent to the Euler-Lagrange equations for the Lagrangian 



( 1 n m \ 

1=0 a=l / 



(2.11) 



Here we use the notation 70 = di/3 l , A is a cosmological constant and k 2 is 
a D = di + 1 - dimensional gravitational constant. The components of the 
minisuperspace metric read [g] 

(2.12) 



Gij — d^Sij d>idj 



The Lagrangian (2.11) can be obtained by dimensional reduction of the action 

S = / d D x^/\g\{R[g] - 2A} - J d D x^/\g~\p + Sygh = Jr J drL. (2.13) 

M M 

Sygh is the standard York-Gibbons-Hawking boundary term and p — Jl"=o ^ ' wnere 
Vi is the volume of Mj ( with unit scale factors ) : V% = vol (Mi) = J d di y^J\g^ \ . 

Mi 
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3. The effective potential 

Let us slightly generalize this model to the inhomogeneous case supposing that the 
scale factors (3 l = (3 l (x) (i — 0, . . . , n) are functions of the coordinates x, where x are 
defined on the Do = (1 + do) - dimensional external space-time manifold Mq = lx Mo 
with the metric 

= g$dx* 8 dx» = -e^dr 2 + e 2 ^g^ . (3.1) 

After conformal transformation of the external space-time metric from the Brans-Dicke 
to the Einstein frame: 

n 

g = g MN dX M ® dX N = + £ exp W\x)]g^ 

i=l 

n 

= n 2 g^+Y / ^p[2p t (x)]g^\ (3.2) 



where 



n 2 



n« 



(3.3) 



the dimensionally reduced action (2.13) reads 
1 



2k 



d Do x 



lff (0) l{ 



R 



g (0) 



(3.4) 



M 



where /Vi is the Do-dimensional gravitational constant, Vj = ^» > @ij 

is the midisuperspace metric with the components 

Gij = diSij + 1 didj , i,j = l,...,n (3.5) 
Do — z 

and the effective potential U e f / reads 



U, 



eff 



n« 



1 ™ 



-2/3' 



(3.6) 



The effective action ([Tj) has the form of a usual 4-dimensional (if do = 3) theory and 
describes a self-gravitating c— model with self-interaction. The internal scale factors 
play the role of scalar fields (dilatons in the starting Brans-Dicke frame) satisfying the 
wave equation 



Gy-D/3- 7 = 



1 



-.()„ 



dU, 



eff 



d(3 l 



(3.7) 



In the Einstein frame the theory assumes the most natural form jll| , ]l2| and beginning 
from this point the external space-time metric g^ is considered as the physical one. 
For this metric we adopt following ansatz: 

= frV 0) = 9$dx* ® dx v = -<&df ®df + e 2 ^g^ . (3.8) 

Thus external scale factors in the Brans-Dicke frame ao — e 13 = a and in the Einstein 
frame do = e* 3 = a are connected with each other by the relation 



n« 



A/3* 



(3.9) 
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The energy densities of the perfect fluid components are given by ( 2.1C| ) and with 
the help of relation (3.9) can be rewritten as 



where 



and 



(«o = A («)_L 



a a o a)d o 



Jo) _ , ( (a) _ a { o a) d 



(3.10) 



(3.11) 



(3.12) 



In the case of one internal space (n = 1) the action and the effective potential are 
respectively 

1 



5* = 



^ I d D °x,J\g~W\{R[gM] -~g^d^d^~2U eff ) (3.13) 



and 



Ueff = 



9 r <i\ i 1/2 r l 9 r i 1 ' 2 



where we redefined the dilaton field as 

V = 



ld 1 (D-2)p 1 



Do -2 



(3.14) 



(3.15) 



Let us split the scalar fields /3 z (x) in equationss (|3.4|) and (g_^) in a background 
component [3 l {x) and a small perturbational (fluctuation) component rf(x) 

(5 l {x)=j3\x)+rf{x). (3.16) 

Assuming that such a splitting procedure is well defined we get the corresponding 
equations of motion from ( |3.7j ) as 

np i =[G- 1 fb j {p) 

and 



Or,' = [G^f a jk (P)r, k , 



(3.17) 
(3.18) 



where 



d 2 U eff , ac/, 



-, h 



eff 



(3.19) 



With the help of an appropriate background depending SO (n)— rotation S — S((3) 
we can diagonalize matrix [G -1 ^]^, = [G -1 ]*"' ajkifi) and rewrite ( 3.18 ) in terms of 
normal modes ip = S~ lr q : 

g^D„D v ip = S^G^ASip d = M 2 ip, (3.20) 
where M 2 is a background depending diagonal mass matrix 

M 2 = diag[m\{fi),...,m 2 n {fi)}. (3.21) 
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D„ denotes a covariant derivative 

D^-d^ + T^+A^, A^:= S-'d^S (3.22) 

with T^ + Afj, as connection on the fibre bundle E(Mq, R d ° (BW 1 ) consisting of the base 
manifold Mo and vector spaces 

RDo e R n _ TxMq | (^(-c), . . . , 7? »(a;)) } a s fibres. 
So, the background components (3 l {x) via the effective potential U e ff and its Hessian 
aij play the role of a medium for the fluctuational components ip l (x). Propagating in 
Mo filled with this medium the excitational modes (gravitational excitons Q ) change 
their masses as well as the direction of their " polarization" defined by the unit vector 
in the fibre space 

£( x ) ■= -^L e S 71 - 1 C R n , (3.23) 
\ip(x)\ 

where S 1 ™ -1 denotes the (n— 1)— dimensional sphere. For considerations on interactions 
of gravitational excitons with gauge fields and corresponding observable effects we refer 
to II. 

We note that in the general case, when m 2 ((3) ^ iTij((3) , i ^ j, due to the 
lack of SO(n)— invariance of (3.20) the connection A^ itself cannot be interpreted as 
a SO(n)— gauge connection in pure gauge. This is only possible for M 2 — m 2 xci I ni 
with /„ the unit matrix. Then a transformation 

U : ip i— > if) = Uip 

K ~ A ll = UA li U- 1 -(d li U)U- 1 , , 

leaves ( 3.20| ) invariant due to M 2 i— > M 2 = UM 2 U~ 1 — M 2 , and [/ is indeed a gauge 
transformation. 

Further from ( 3.2C ) it is clear that a consideration of the excitational modes 
makes only sense if the characteristic space-time scales Ls and of the variations 
of the background fields j3 l and the excitons tp l are of different order: Lp ^> L$ . 
(Otherwise non-perturbative techniques should be applied.) Coverring the external 
space-time with domains fl c of intermedium characteristic length L c w |f2 c | 1/ ^ do+1 ^ , 
Lp 3> L c 3> we can in a crude approximation replace the background fields /3 l (x) 
in f2 c by constants f3 l c . According to ( 3.17 ), ( |3.20 ) and due to the regularity of 
the minisuperspace metric Gij this implies an extremum condition on the effective 
potential in Q c 

9U ef f 



d(3 l 



= 0, (3.25) 

So 



as well as a vanishing connection A^ = and the constancy of matrix M 2 . The only 
extremum that provides the constancy of /3* under perturbations ip l is a minimum 
and the exciton masses must be non-negative '■— m i(f3c) > with at least one 

of them strictly positive. (The case of m 2 ^ = 0, ntf c \j > for some i,j corresponds 
to degenerate minima, as e.g. given in Sombrero-like potentials. The masslcss modes 
are similar to Goldstone bosons.) 

Models with constant background fields on tt c = M and with effective potentials 
U e f f depending only on the internal scale factors have been considered in || [l4| . The 
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corresponding action functional reads in this case: 

Mo 



s 



2kq 



~g(0) 



2A 



{c)eff 



} 



n -. „ 

+ E 2 / dD ° x y\9 i0) \ {-~9 iQ) ^t»t» - '"(OiV'V*} > (3-26) 

1=1 Mo 

where the effective cosmological constant A^ e jf is connected with the stable 
compactification position ci( c )j = exp/3* by the relation A^ e fj = U e ff((3 c ) . From 
a physical point of view it is clear that the effective potential should satisfy following 
conditions: 



(ii) 
(Hi) 



a (c)i 



< 



A 



(c)e// 



Lpi , 
Mpi 
. 



The first condition expresses the fact that the internal spaces should be unobservable at 
the present time and stable against quantum gravitational fluctuations. This condition 
ensures the applicability of the classical gravitational equations near positions of 
minima of the effective potential. The second condition means that the curvature 
of the effective potential should be less than Planckian one. Of course, gravitational 
excitons can be excited at the present time if m, <C Mpi. The third condition 
reflects the fact that the cosmological constant at the present time is very small: 



|A| < l(T 56 cm- 2 w Kr 121 A Pi where A Pt 



r~ 2 
l pi ■ 



Strictly speaking, in the case that 



the potential has several minima (c > 1) we can demand a( c )j ~ Lpi and A^ e jf — > 
only for one of the minima to which corresponds the present state of the universe. For 
all other minima it may be 3> Lpi and \A^ e ff\ 3> 0. 



4. The model 



A general analysis of the internal spaces stable compactification for MCM with the 
perfect fluid ( 2.10| ) is carried out in our paper Jl5| . In the present paper we investigate 
a particular class of effective potentials (3.6) with separating scale factor contributions 
from internal and external factor spaces 



eff 



\i=i 



AS* 



1 n 



-2/3 1 



A 



i=l 



2 \ " (a) 

a=l 



(4.1) 



We will show below, that such a separation on the one hand provides a stable 
compactification of the internal factor spaces due to a minimum of the first term 
Ui n t = Uintifl 1 , ■ ■ ■ , P n ) as well as a dynamical behaviour of the external factor space 
due to U ext = U ext (f3°). On the other hand this separation crucially simplifies the 
calculations and allows an exact analysis. The price that we have to pay for the 
separation is a fine-tuning of the parameters of the multicomponcnt perfect fluid 



» 



'in 
= 1, 



(4.2) 



, n, a 
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Only in this case we have 



» 



2d, 



d a - 1 



(4.3) 



yielding the compensation of the exponential prefactor for the perfect fluid term in 



the effective potential (3.6). The corresponding components p a ^ read, respectively. 



1 



,2+(d -l)aM 



(4.4) 



Although the fine-tuning (4.2) is a strong restriction, there exist some important 
particular models that belong to this class of multicomponent perfect fluids. For 
example, if = 1 the a-th component of the perfect fluid describes radiation in the 
space Mo and dust in the spaces Mi, . . . , M n . This kind of perfect fluid satisfies the 
condition Y17=o ^i 01 ^ = D anc ^ * s caue d superradiation |l6|]. If a (a ^ = 2 we obtain 
the ultra-stiff matter in all Mj (i = 0. . . ,n) which is equivalent, e.g., to a massless 
minimally coupled free scalar field. In the case =0we get the equation of state 
= [(^ — do) /do] p^ in the external space Mq which describes a gas of cosmic 
strings if do = 3 : — — ip' a ' jl7| and vacuum in the internal spaces M 1; . . . , M n . 
If — 1/2 and do — 3 we obtain dust in the external space Mo and a matter with 
equation of state P^ = —hp^ in the internal spaces Mj, i = 1, . . . ,n. 

Let us first consider the conditions for the existence of a minimu m of the potential 
Uinti/3 1 , ■ • ■ , (3 n )- According to reference Q potentials Ui nt of type (11) have a single 
minimum if the bare cosmological constant and the curvature scalars of the internal 
spaces are negative Ri, A < 0. The scale factors {(3 l c } i _ 1 at the minimum position of 
the effective potential are connected by a fine-tuning condition 



Ri 



2A 



= C, 



i = 1, 



(4.5) 



d z D - 2 

and the masses squared of the corresponding gravitational excitons are degenerate and 
given as 



2 



mt 



^exp 



2_V n d-B i 



C 



D-2 
dn-1 



(4.6) 



Further it was shown in reference [Q that the value of the potential Ui n t at the 
minimum is connected with the exciton mass by the relation 

Aint := U mt (Pl ■ ■ ■ , K) = -^^rnl xci . (4.7) 

From equations ( |4.5| ), ( |4.6| ) we see that exciton masses and minimum position 
a( c )j = exp PI are constants that solely depend on the value of the bare cosmological 
constant A, the (constant) curvature scalars Ri and dimensions d{ of the internal factor 
spaces. This means that we have automatically 51 c = Mo from the very onset of the 
model. Hence the exciton approach in the present linear form breaks down only when 
the excitations become too strong so that higher order terms must be included in 
the consideration or the phenomenological perfect fluid approximation itself becomes 
inapplicable. 

Let us now turn to the dynamical behaviour of the external factor space. For 
simplicity we consider the zero order approximation, when all excitations are freezed, 
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in the homogeneous case: 7 = 7(f) and f3 = ${t). Then the action functional (3.26) 
with 



U (c)eff = Ueff 



S=-^r I d Do x 



2kq 



(3(f)] = U int {Pl . . . , /3") + U ext [0(f)] = K int + po(f) (4.8) 

} = 

, - R[g w ] + d (l - d )e~ 



after dimensional reduction reads: 
1 
2«q 

Mo 



lff (0) l{ 



I? 



n(0) 



2C7, 



(c)e// I 



df 



-2e 



(A* 



(4.9) 



where usually i?[g(°)] = kdo(do — 1), fe = ±1, 0. The constraint equation dL/dj = 
in the synchronous time gauge 7 = yields 



1 da x 2 
a df 



which results in 
t + const = 



a 2 d {d - 1) 



(A iTl t + po (a)) , 



(4.10) 



, I 2A,„ t -2 I 2k 2 v^m AM 
*~r da(do-l)" ^ do(do-l) ^o=l 5(£i0 -i) Q (») 



1/2 ' 



(/(/ 



3 3 ^a= 



1/2 ' 



(4.11) 



where in the last line we put do = 3. 

Thus in the zero order approximation we arrived at a Friedmann model in the 
presence of negative cosmological constant Ai nt and a multicomponent perfect fluid. 
The perfect fluid has the form of a gas of cosmic strings for a> a > = 0, dust for aW =1/2 
and radiation for — 1. As < a^ a ' < 2 , the cosmological constant plays a role 
only for large a and because of the negative sign of Ai nt the universe has a turning 
point at the maximum of a. To be consistent with present time observation we should 
take 



|A, 



< 10 



-121 



A 



pi- 



(4.12) 



We note that due to (4.11) and in contrast with ( |3.26 ) the minimum value C^( c ) e // 
of the effective potential in (4.8) cannot be interpreted as a cosmological constant, 



even as a time dependent one. Coming back to the gravitational excitons we see that 



according to (4.7) the upper bound (4.12) on the effective cosmological constant leads 
to ultra-light particles with mass m exc i < 10~ 60 Mp; ~ 10~ 32 ey . This is much less 
than the cosmic background radiation temperature at the present time To ~ 10 -4 eV. 
It is clear that such light particles up to present time behave as radiation and can be 
taken into account as an additional term p r — Kq ^[^ 3 in (4.11). It can be easily seen 
that we reconstruct the standard scenario if we consider the one-component (m = 1) 
case with = 1/2, k 2 A^ ~ 10 61 and KqA t ~ 10 117 . Here we have at early stages 
a radiation dominated universe and a dust dominated universe at later stages of its 
evolution. 
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For completeness we note that via equations ( |4.6| ) and (4.7) the value of the 
effective cosmological constant has a crucial influence on the relation between the 
conrpactification scales of the internal factor spaces and their dimensions. In the case 
of only one internal negative curvature space Mi = H dl /T with R\ = —d\(di — 1) 
and conrpactification scale <X( c )i = 10£_p; we have e.g. the relation Jl4| Ai nt — 



-(di — l)10~ 2 ( dl+2 )£p; , so that the bound (4.12) implies a dimension of this space 
of at least d% = 59 . Taking instead of one internal space a set of 2-dimensional 
hyperbolic g— tori {Mj = H 2 /T}™_ 1 |l8| with compactification scale = 10 2 Lpi it 



is easy to check jl4| that we need at least n — 29 such spaces to satisfy ( 4.12j ). 



Of course, other values of the cosmological constant lead to other exciton masses 
and compactification - dimensionality relations. So, it is also possible to get models 
with much more heavier gravitational excitons. For Aj„ t = — 10 _8 Ap; we have e.g. 
rn = 10~ 4 Mpi and the excitons are very heavy particles that should be considered as 
a cold dark matter. If we take the one-component case cv- 1 ' = 1 we get at early times a 
radiation dominated universe with smooth transition to a cold dark matter dominated 
universe at later stages. But for this example it is necessary to introduce a mechanism 
that provides a reduction of the huge cosmological constant to the observable value 



10- 121 A; 



5. Conclusion 

In the present paper we considered multidimensional cosmological models (MCM) with 
a bare cosmological constant and a perfect fluid as a matter source. It can be easily 
seen that there are only two classes of perfect fluids with stably compactified internal 
spaces. These kind of solutions are of utmost interest because an absent time variation 
of the fundamental constants in experiments |n], ^0| shows that at the present time 
the extra dimensions, if they exist, should be static or nearly static. 

The first class (see ||, (lj]) consists of models with = 0. It leads to the 
vacuum equation of state in the external space Mq. All other cq a '(i = 1, . . . ,n) can 
take arbitrary values. This model can be used for a phemenological description of a 
multidimensional inflationary universe with smooth transition to a matter dominated 
stage. 

In the present paper we found a second class of perfect fluid models with stable 
internal spaces. For these models the stability is induced by a fine-tuning of the 



equation of state of the perfect fluid in the external and internal spaces (4.2). This 
class includes many important particular models and allows considerations of perfect 
fluids with different equations of state in the external space, among them also such 
that result in a Friedmann-like dynamics. Thus, this class of models can be applied for 
the description of the postinflationary stage in multidimensional cosmology. For the 
considered models we found necessary restrictions on the parameters which, from the 
one hand, ensure stable compactification of the internal spaces near Planck length and, 
from the other hand, guarantee dynamical behaviour of the external (our) universe in 
accordance with the standard scenario for the Friedmann model. 

This toy model gives a promising example of a multidimensional cosmological 
model which is not in contradiction to observations. 
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